Queueing Systems

April 8, 2010
Dr. Eric Hsiao-kuang Wu 
1. Today's topic:
Birth-Death Queueing System in Equilibrium (M/M/1)
2. Exercise 
A. General Equilibrium Solution:
(1) Step 1: Modeling, State Transition Diagram 

      Setting the observation point, such as the number of customers in the system

(2) Step 2: Flow Conservation, Equilibrium Equations

      hint: for a state Ek (In equilibrium, flow into = flow out)
               Flow rate into Ek = (k-1 pk-1+ uk+1 pk+1

                       Flow rate out of Ek = ( (k + uk ) pk

              For a boundary : (flow to the right = flow to the left: the conservation of flow)

               (k-1 pk-1 = uk pk
(3) Step 3: Solve P(K), pk
(4) Step 4: Solve Average N, Average T

(5) Step 5: Determine Blocking Probability

 Problem 1:

Consider an M/M/1 queue with parameters (. And (. A customer in the queue will defect (depart without service) with probability 
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(a) Draw the state-transition-rate diagram
(b) Express pk+1 in terms of pk 

(c) For ( = (, solve for pk (k = 01, 1, 2,…)

B. Discourage Arrivals
Arrival tends to get discouraged when more and more people are present in the system. 

   Hint (a) this harmonic discouragement of arrival produces a Poisson distribution for the number of customers

   Hint (b) 
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C. M/M/
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 : Responsive Servers (Infinite Number of servers)

A responsive server who accelerates her service rate linearly when more customers are waiting or may be interpreted as the case where there is always a new clerk or server available for each arriving customer.
       Hint (a) this p has the similar solutions to the discourage arrival, it appears that a system of discourged arrivals behaves exactly the same as a system that includes a responsive server.

       Hint (b) Each arriving customer is granted his own server, the system time will be merely his service time
D. M/M/m: The m-Server CASE

A system with an unlimited waiting room and with a constant arrival rate (. The system provides for a maximum of m servers.

   Hint (a) the dependence of pk upon k is into two parts

       (b) p[queueing]= 
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          This probability is of wide use in telephony and gives the probability that no trunk (i.e., server) is available for an arriving call (customer) in a system of m trunks; it is referred to as Erlang’s C formula and is often denoted by C(m, (/()
Problem 2

At t = 0 customer A places a request for service and finds all m servers busy and n other customers waiting for service in an M/M/m queueing system. All customers wait as long as necessary for service, waiting customers are served in order of arrival, and no new requests for service are permitted after t = 0. Service time are assumed to be mutually independent, identical, exponentially distributed random variables, each with mean duration 1/(.

(a) Find the expected length of time customer A spends waiting for service in the queue. (4 Points)

(b) Find the expected length of time from the arrival of customer A at t = 0 until the system becomes completely empty (all customers complete service). (3 Points)

(c) Let X be the order of completion of service of customer A; that is, X = k if A is the kth customer to complete service after t = 0. Find P[X=k] (k=1, 2, …, m+n+1). (3 Points)

(d) Find the probability that customer A completes service before the customer immediately ahead him in the queue (3 Points).

E. M/M/1/K: Finite Storage
There is a maximum number of customers that may be stored; in particular, we assume that the system can hold at most a total of K customers (including the customer in service) and any further arriving customers will in fact be refused entry to the system and will depart immediately without service.

In telephony the refused customers are considered to be “lost” ; for the system in which K = 1 (i.e. no waiting room at all) this is referred to as a “blocked calls cleared” system with a single server.

Problem 3

We now consider the case of a queueing system in which there is a maximum number of customers that may be stored; in particular, we assume the system can hold at most a total of K customers (including the customer in service) and that any further arriving customers will in fact be refused entry to the system and will depart immediately without service. Let us elaborate on the M/M/1/K system

(a) Evaluate pk when ( = ( (4 Points)

(b) Find 
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 for ( = (
 ( 5 Points)

(c) Find T by carefully solving for the average arrival rate to the system. (3 Points)
F. M/M/m/m: m-server LOSS SYSTEMS
   Pm describes the fraction of time that all m servers are busy. This particular system is of great interest to those in telephony. Erlang’s B formula B(m, (/()
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Problem 4: 

Consider a “cyclic queue” in which M customers circulate around through two queueing facilities as shown below.

[image: image9.emf]
Both servers are of the exponential type with rate u1 and u2 , respectively. Let

       pk  = P[k customers in stage 1 and M-k in stage 2]
(a) Draw the state-transition-rate diagram

(b) Write down the relationship among { pk } 

(c) Find
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(d) Find pk 

[image: image11]
Customer Request and Service Offer:

Trunking and Grade of Service:

Example: a radio channel is occupied for thirty minutes during an hour carries 0.5 Erlangs of traffic.

Capacity of an Erlang B System
  Pr[blocking]=
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=GOS (Grade of Service)
Number of                      Capacity (Erlangs) for GOS

Channels C          = 0.01           = 0.005          = 0.002             = 0.001

	2
	0.153
	0.105
	0.065
	0.046

	4
	0.869
	0.701
	0.535
	0.439

	5
	1.36
	1.13
	0.900
	0.762

	10
	4.46
	3.96
	3.43
	3.09

	20
	12.0
	11.1
	10.1
	9.41

	24
	15.3
	14.2
	13.0
	12.2

	40
	29.0
	27.3
	25.7
	24.5

	70
	56.1
	53.7
	51.0
	49.2

	100
	84.1
	80.9
	77.4
	75.2


Problem 5
How many users can be supported for 0.5% blocking probability for the following number of trunked channels in a blocked calls cleared system? (A) 2, (b) 5, (c) 10, (d) 20, (e) 100. Assume each user generate 0.1 Erlangs of traffic.


Solve:

Given C = 5, GOS = 0.005, A = 1.13

U = A/Au = 1.13/0.1 = 11 users

(a) C = 2, Au = 0.1, GOS = 0.005

   A = 0.105 -> U = A/Au = 0.105/0.1 = 1 user
(b) C = 5, Au = 0.1, GOS = 0.005

   A = 1.13 -> U = A/Au = 1.13/0.1 = 11 users

(c) C = 10, Au = 0.1, GOS = 0.005

A = 3.96 -> U = A/Au = 3.96/0.1 = 39 users
(d) C = 20, Au = 0.1, GOS = 0.005

A = 11.10-> U = A/Au = 11.10/0.1 = 110 users
(e) C = 100, Au = 0.1, GOS = 0.005

A = 80.9-> U = A/Au = 80.9/0.1 = 809 users

Market Penetration

Problem 6
An urban area has a population of two million residents. Three competing trunked mobile networks (systems A, B, and C) provide cellular service in this area. System A has 394 cells with 19 channels each, system B has 98 cells with 57 channels each, and system C has 49 cells, each with 100 channels. Find the number of users that can be supported at 2% blocking if each user averages two calls per hour at an average call duration of three minutes. Assuming that all three trunked systems are operated at maximum capacity, compute the percentage market penetration of each cellular provider.

(GOS= 0.02, C = 19, A = 12, GOS=0.02, C=57, A = 45, GOS= 0.02, C= 100, A = 88.

Solve:

System A:

C = 19

GOS = 0.02

A = 12  

Au = 2 * (3/60) = 0.1

U = = A/Au = 12/0.1 = 120

Total user = 120 * 394 = 47280

The percentage market penetration = 47280 / 2,000,000 = 2.36 %

System B:

C = 57

GOS = 0.02

A = 45  

Au = 2 * (3/60) = 0.1

U = = A/Au = 45/0.1 = 450
Total user = 450 * 98 = 44100

The percentage market penetration = 44100 / 2,000,000 = 2.205 %

System B:

C = 100

GOS = 0.02

A = 88 

Au = 2 * (3/60) = 0.1

U = = A/Au = 88/0.1 = 880
Total user = 880 * 49 = 43120

The percentage market penetration = 43120 / 2,000,000 = 2.156 %
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