Queueing Systems

March 13, 2003
Hsiao-kuang Wu

1. Today's topic:
a) Introduce Exponential Distribution
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Baby Queueing System

c) Transform Practice (z-transform)
· [image: image2.wmf]otherwise
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F(a) = P {X <=a}

          Poisson: 
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2. Exercise (Midterm Example)

Problem 1: Assume that the number of messages input to a communication channel in an interval of duration t seconds is Poisson distributed with parameter 0.3t. Compute the probabilities of the following events. 

(a) Exactly three messages will arrive during a ten-second interval,

(b) At most twenty messages arrive in a period of twenty seconds

(c) The number of message arrivals in an interval of duration five seconds is between three and seven
Poisson Distribution ~ Exponential Distribution

Problem 2: Let the discrete random variable Nt denote the number of jobs arriving to a computer system in the interval (0,t]. Let X be the time of the next arrival. Further assume that Nt is Poisson distributed with parameter (t, so that ( is the arrival rate. 
Then    P(X>t) = P(Nt = 0)

Problem 3: Consider a university computer center with an average rate of job submission ( = 0.1 jobs per second. Assuming that the number of arrivals per unit time is Poisson distributed, the interarrival time, X, is the exponentially distributed with parameter (. The probability that an interval of 10 seconds elapses without job submission is then given?

Problem 4:  Let X1, X2, X3,…. Xn be independent exponential random variables having a common parameter (. Determine the distribution of Min (X1, X2,…Xn)

Memory-less Distribution: Exponential Distribution
Problem 5: Suppose that the number of miles that a car can run before its battery wears out is exponentially distributed with an average value of 10,000 miles. If a person desires to take a 5000-mile trip, what is the probability that he or she will be able to complete the trip without having to replace the car battery? 

Problem 6: Consider an M/M/1 queueing system with parameters ( and ( which can hold a total of 2 customers at most; that is , one can be in service and at most one can be in the queue. A customer who arrives when the queue is full will be lost.

(a) Draw a fully labeled state diagram for this system. (4 points)

(b) Find p(k) explicitly for all k in terms of  ( and (. (4 points)

(c) Find E[N]=expected number in system. (2 points)

(d) Find T = Mean response time for a customer. (2 points)

(e) Find r = fraction of time the server is busy. (2 points)

(f) Find B=P[customer is blocked, i.e., lost] (2 points)

Let us define Power, P, as in class for this loss system as follows:

P = r(1-B)/ (T

(g) How would you find the optimal value of the input rate (, which optimizes the power ? Do not try to find this optimum.(2 points)

Problem 7: Consider an M/M/1 queueing system where the arrival and service rates depend upon the system states as follows. When there is an EVEN number of customers in the system, the arrival rate is ( and the services rate is ( (of course, the service rate is 0 when the system is empty). When there is an ODD number of customers in the system, the arrival rate is ( and the service rate is (.

(a) Find P(k), the equilibrium probability of finding k in the system. You may express your  answer in terms of p(0). (5 points)

( hint: find P(2k) and P(2k+1) in terms of P(0),  (, (, (, ().

(b) now find p(0) explicitly.


( hint: (P(k)= (P(2k)+ (P(2k+1)) (5 points)

(c) Under what condition will the system be stable. (5 points)

Problem 8. We are given the following z-transform:

F(z) = { 2 z 2-8z + 10 } / {  (2/9) z 2 – z + 1  }

(a) Find f (0) directly from F (z). ( 1 point)

(b) Find the following sum directly from F(z): Σf(k) ( 2 points)

(c) Now proceed to find an explicit expression for f(k) for k = 0, 1, 2,…( 8 points)

(d) From your answer in part (c), find f(0) and compare to your answer in part (a). ( 1 point)

(e) From you’re answer in part (c), find the same sum you found in part (b) and compare your two answers. (2 points)
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